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PREFACE 


This thesis covers a rather novel method for increasing the 
power conveying intelligence in a speech modulated radio telephone 
system. The basic idea for the method used was conceived while 
trying to find some means for reducing bandwidth requirements for 
speech transmission. This led to considering the possibility of 


electronically making a trigonometric transformation according to 


the trigonometric identity, 


e 1 + l -cosx 
sim — x <= ү -------- , 
2 = 2 


in order to obtain an output frequency one half of the input frequency. 


It did not seem practical to use this idea for bandwidth compression, 
however, as among other things, it would require breaking up the 
modulating wave into all of its simple sinusoidal components at the 
point of transmission. In order to extract the intelligence, it would 
require a complicated inverse operation at the point of reception. 
This led to the realization, however, that if one could perform 
some function, such as taking the square root of the input wave that 
there would result instantaneous compression. Furthermore, having 
performed a known function in the process of compression, one could 
theoretically reconstruct the input wave exactly by performing the 
inverse function in an expansion process at the point of reception. 
Unfortunately, the mathematical analysis for the operation of 


this type of system had to be extremely limited. This results from 
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complications arising due to the non-linearities that are inherent to 
the system. The mathematics of non-linear systems is such that it 
seems impossible to develop a general method for analyzing this 
system. Therefore, the mathematical analysis had to be greatly 
simplified and even then, answers that reveal relatively small 
amount of information required much tedious mathematics. 
f Throughout this thesis, the analysis presumes that this 
system would find it's greatest use in rather simple radio com- 
munication systems such as aircraft, marine or amateur use. 

The author wishes to express his appreciation to Assistant 
Professor C. F. Klamm, Jr. of the U S. Naval Postgraduate 


School for his many helpful suggestions in preparing the final copy 


of this paper. 
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CHAPTER I 


INTRODUCTION 


Summary: This thesis presents an analysis of an instan- 
taneous speech compression system that theoretically enables 
accurate reproduction of the original signal at the point of recept- 
ion. The analysis is primarily based on a ''half-power law"' 
compression resulting in an effective power gain of about 7 db, 


The receiving system performs the inverse operation thereby 


> 


reproducing the original signal. Perfect reproduction increases 
bandwidth requirements, but it is indicated that satisfactory 
reproduction can be obtained without exceeding normal bandwidth 
requirements. The probable effects of amplitude and phase dis- 
tortion within the system are discussed. Circuits for accomplish- 
ing the indicated functions are developed and experimental data 

on these circuits is presented. 

It is the purpose of this thesis to analyze a proposed method 
of increasing the average intelligence conveying power in a radio 
telephone system, particularly as it applies to voice modulated 
systems. It is proposed to employ as the modulating source for 
a radio telephone transmitter an audio compressing amplifier that 
will have an output instantaneously proportional to the square root 
of the absolute value of the modulating wave with the instantaneous 
input polarity being retained by the output. That is, when the input 
wave is positive, the output will be positive and proportional to the 
square root of the input wave, and when the input wave is negative, 
the output will be negative and proportional to the square root of the 
absolute magnitude of the input wave. 


The receiver to be used with this system would be expected 





to employ an audio expanding amplifier whose output would be proportion- 
al to the ''square" of the absolute value of the instantaneous audio input 
voltage. Hence the receiver would act to remove the distortion intro- 
duced by the non-linearity of the amplifier employed at the transmitting 
end, and a true reproduction of the transmitted voice would be received. 
The analysis also includes some data on power relations differ- 
ent from that of the square root. In other words, if E, is the input 
ИС wave, the output wave will be of the form A(E, ” where m 
takes on values different from 0.5. Throughout this thesis, m will 
refer to the value of the exponent involved. Where m is not specified, 
it will be assumed equal to 0, 5. 
This scheme will act to increase the average intelligence convey- 
ing power intwo ways. First, in conversational speech, the ratio of 
1/8 sec. peak to averaged power is roughly 12 db. А This indicates а 
ratio of 1/8 sec. peak to averaged modulating power of 16 to 1, or a 
ratio of 1/8 sec. peak to averaged voltage of 4 to 1l. Hence, with conver- 
Же, speech, the averaged percentage of modulation can only be a 
maximum of about 25%. For example, with a Class C plate modulat- 
ed transmitter, the average peak modulating voltage equals 25% or 
1/4 of the d.c. plate voltage and therefore the peak modulating current 
also equals 1/4 of the d.c. plate eurrent. If the plate voltage is E, 
and the plate current is т, then the peak modulating power is 
1/4 Еру 1/4 DM: 1/16 "D Di Converting this to effective power, 


the effective modulating power is 1/4 “b x 0.707 x 1/4 Îb x 0. 707 = 
1/32 ES L or 1/32 of the d.c. power supplied to the plate circuit of 
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the Class C stage. 

This means that a 1 Klowatt output transmitter actually yields 
only 31.2 watts of intelligence conveying power. By the same reason- 
ing, a single sideband transmitter capable of ] kilowatt power output, 
the actual average output during periods of modulation is about 62. 5 
watts. 

By using some method of reducing the peak to averaged ratio 
of power in a speech wave, it is possible to increase the intelligence 
conveying power in an amplitude modulated system. 

One of these methods is to use peak clipping and another method 
is the so-called "super modulation '. Both of these methods introduce 
undesirable distortion in the system which cannot be removed by any 
simple means at the receiving end of the system. 

The system proposed by this thesis also introduces distortion, 
but in a manner in which it can be eliminated at the receiving end, 
This automatically results, since a known function is to be performed 
on the modulating signal and the inverse of that function can there- 
fore be accomplished at the receiving end, thereby eliminating any 
distortion that has been introduced at the transmitting end. With 
"peak clipping", or "super-modulation'", the function being performed 
on the modulating wave varies with its instantaneous amplitude and 
hence the inverse of the function cannot be determined. 

By taking the ''square root'' of the modulating voltage, we 
reduce the ratio of maximum peak amplitude to average peak ampli- 
tude of the audio wave from about 4 to 1 down to about а). > to 1, 


or 2 to 1. Hence, the same audio signal can now be used to produce 





an average percentage of modulation of 50%. This increases the amount 
of power conveying intelligence by a factor of four. 

The second manner in which the proposed system increases the 
power conveying intelligence is by reason of the fact that the audio 
wave will now have a higher R. M.S. to peak ratio than before. 

A sine wave has a R.M.S. to peak ratio of 0.707. If our modula- 
ting wave can be represented by a sine wave, the R.M.S. value now 


, 


equals 


Л. 
( 2 Яп 0) de 
We 





Thus the total increase in effective power will be by a factor of 2 
0,8 #2 
х ( 707! = 5.1, orsabout 7 db. 


The advantages to be gained by this method from the standpoint 
of power are obvious. However, the advantages or disadvantages of 
this system from standpoint of bandwidth requirements are not so 
obvious, 

For instance, if we passed a square wave having rounded 
edges through this amplifier, as shown by the solid line in Figure l, 
the output waveform would be of the form indicated by the dashed line. 
Since the dashed line has sharper corners than the solid line, the 
energy contained in the higher order harmonies has been increased. 


Let us now take a waveform described by 
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giving us the waveform represented by the solid curve of Figure 2. 


f(t) 





Figure 1 
Waveform at output and input of compressing amplifier 
with a distorted square wave input wave form; Solid 
curve represents distorted square wave input. Dashed 


curve is the same waveform after passing through the 
compressing amplifier. 


This waveform is obviously rich in harmonics, and yet when 
it is passed through the proposed amplifier, the output will be simply 
a plot of sin 9 , as indicated by the dashed curve of Figure 2, which 
is certainly not rich in harmonics, but is a pure sine wave having no 
harmonic content. Thus, in one case, this amplifier has increased 
the harmonic content of a wave, and in another case it has decreased 
the harmonic component of a wave. It is apparent that whether the 
harmonic content of a wave is increased or decreased is a function of 


the nature of the input wave. 
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Figure 2. 


Waveform at output and input of compressing amplifier 
with a sinusoidal output waveform; Solid curve is a plot 


of the function described by 
y = ТТ (2п + 1) т< Ө < (20 +2) т 
”2 و‎ (2n + 2) т< 0 < (2+3) т 


Solid curve is the sine wave that results from passing 
this waveform through the compressing amplifier. 


Since the nature of a speech wave is continually changing, one 
can anticipate that at times the audio amplifier employed at the trans- 
mitter will be increasing the number of harmonics in the wave, while 
the audio amplifier at the receiver will be decreasing the number of 
harmonics present and at other times the role played by the two 
amplifiers will, in this respect, be reversed. 

To attempt to analyze mathematically the effect of this system 
on the bandwidth requirements for speech transmission seems an 
endless task that would yield results of questionable value. The band- 
width requirements will, of course, be determined by characteristics 


of the sending end audio system and the nature of the intelligence 








being transmitted, which in this case will be some form of speech. 
The bandwidth requirements could hardly be expected to be the same 
as for speech transmission employing only linear amplifiers. Since, 
as was pointed out earlier, the sending end amplifier may act to 
either increase or decrease the frequency components of the input 
wave, it would theoretically be necessary to analyze the effect of the 
sending end audio system on every conceivable speech input wave, of 
which there are an infinite number, called phones. The speech sounds 
of any language, however, do fall into discrete intelligence conveying 
patterns called phonemes. Р In English, the number of phonemes is 
approximately 48. $ The basic frequencies in any phoneme, of course, 
vary from individual to individual, particularly between a male adult 
and a female adult, or an adult and a child. There is also some diff- 
erence in the phoneme patters between individuals of the same sex and 
age group coming from different sections of the country. 

If we were to restrict ourselves in the analysis to one person's 
voice, it might be possible to mathematically analyze the effect of 
this system on required bandwidth by picking several, Say ten, 
instants of time during the space of every phoneme and then determin- 
ing the increase or decrease in bandwidth for each such instant of 
time. This would reduce the problem to determining about 500 differ- 
ent speech waveforms. It would then be necessary to take the ''square 
root'' of each wave form so determined and then run a Fourier analysis 
on each resultant waveform. Obviously, even this simplified mathemat- 


ical approach is far too time consuming to make a part of this thesis. 


a = = Gh ° = y Yam 


| x Mnt 


sna 


көн елер "a 


E 





Fortunately, the phonemes which require the greatest bandwidths 
for proper transmission are the voiceless phonemes, of which there are 
about 8. The only exception to this seems to be in the case of the voiced 
fricative sound ''z'' as in "и, Of this group, the phoneme "h" (as in 
'he'') does not require an appreciable bandwidth. Since these phonemes 
are unvoiced, their natures should not differ greatly between indi viduals. 
Furthermore, there may be sufficient similarity between these sounds so 
that they will be affected in a similar manner so far as bandwidth require- 
ments are concerned. However, even in these cases, it is felt that it is 
best to perform a laboratory type analysis first, and then let the — 
of such an analysis point the way to profitable areas of mathematical 


analysis. 
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CHAPTER II 
CIRCUIT DESIGN 


The problem of determining a circuit that will have an output 
that is instantaneously proportional to the square root of the input 
signal is one that apparently no one has yet neatly accomplished with 
a simple circuit. Р Conventional so-called square law devices or 
circuits in general have a characteristic that only approximates a 
“ваа law relationship. Furthermore, the approximate square law 
relationship will hold only over a limited range. It would appear that 
vacuum tubes will give the closest approximation to a power law re- 
lation with miniature copper oxide rectifiers and germanium diodes 
in that order giving the next most desirable characteristics. 
Unfortunately, when using vacuum tubes, it is necessary to compen- 
sate for contact potential and the fact that a vacuum tube may draw 
some current with zero plate voltage. These compensating circuits 
complicate the device and could very well be a source of frequency 
distortion. Copper oxide rectifiers have characteristics that vary 
with temperature rather noticeably. They tend to introduce some 
frequency distortion, and it appears that it would be difficult to obtain 
values of m inthe order of 0.5. Hence, it was decided to first 
attempt to obtain the desired exponential characteristics by using 
germanium diodes, 

A personal contact with Mr. A. J. Hiller of the Naval Research 
Laboratory indicated that it should not only be possible to obtain the 


desired characteristics, but that it should be possible to alter the 





characteristics slightly by varying the amount of resistance in a simple 
series resistance and germanium diode circuit. 

The plot of a 1N34 crystal diode characteristic curve is a straight 
line on a log log plot over a large range of values. A straight line on 
log log paper may be represented by the equation Y = ах. Непсе, 
the equation of the curve is 

E = а! Eq. (1) 

The circuit for indicating these characteristics is shown in 


Figure 3. 


R 


1N34 


Figure 3 


Circuit for obtaining characteristics of Equation l. 


If R is much greater than the resistance of the 1N34 diode, 
then 
m Ein m 


FFT = 0—0 Ба. (2) 


Hence, the output voltage is proportional to some power, m, of 
the input voltage, giving us a function of the desired form. 
In order to obtain symmetrical response on both excursions of 


the input wave, it is necessary to use a back-to-back arrangement 
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of the crystal diodes, as shown in Figure 4. 


IN34 IN34 


Figure 4 


Circuit for obtaining symmetrical response corresponding 
to Equation Z. 


It is necessary, of course, that the 1N34's be matched. The 


circuit for selecting matched crystals is shown in Figure 5. 


10,0002 


Oscilloscope 





Amplifiev 


Figure 5. 
Circuit for selecting matched crystal diodes 
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The voltage developed across the 10 ohm resistor is proportional 
to the current through it. Since 10 ohms is much lower than the resist- 
ance of the 1N34 diode at any point in its characteristic curve, the 10 
ohm resistor does not appreciably affect the total amount of voltage 
between point "A' and ground. Thus, the characteristics of the 1N34 
diode in series with the 10 ohm resistor are the same as for the 1N34 
diode by itself. 

| Since the horizontal deflection voltage is proportional to the 
current through the 1N34 and the vertical deflection is proportional 
to the voltage impressed across the 1N34, a characteristic curve is 
displayed on the oscilloscope. Several diodes were then tried until 
two were found having an identical characteristic curve over the desir- 
ed range. Several matched pairs were then found. It is, of course, 
unlikely that any two sets would have identical characteristics. 

The diodes were then connected in an arrangement as shown in 
Figure 6 and the characteristics of this circuit plotted. Several values 
of R were tried. Best performance seemed to be obtained with 
R = ТОК. 

Using crystal set # 1, this gave a value of m that varied from 
soo With R = ®© to m = 0.577 With R= ОЕ. 

In general, the curves follow a specific exponential relation to 
within 10% over about a 40 db range. Considering that the measuring 
equipment used had a maximum probable error of 3% of full scale, 
this is considered satisfactory. А log log plot of Es vs. Е. 


ut in 


is shown in Figure 7, 8, 9, 10, 11, and 12. 
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» 0-5 00.n. 


Figure 6 


Circuit for obtaining a response corresponding to Equation 
2 with m variable over a limited range. 


As can be seen from the curves, itis necessary that an ampli- 
fier having the proper gain precede the unit in order that the speech 
signal will have the proper level for the operating range. The center 
of the operating range shifts slightly with different values of R. 

Units of the type shown in Figure 6 have an insertion loss that 
remains constant at about 13 db as R is varied. 

Figure 13 shows a plot of m vs. R. 

The conclusions to be drawn regarding a circuit of the type 
shown in Figure 6 are that the circuit will operate satisfactorily 
to obtain a value of m in the order of 0, 5 and, hence, can be used 
in the proposed transmitting end amplifier system. The insertion 
loss is tolerable and can easily be compensated. The operating range, 
while not ideal, appears to be better than other simple power law devices. 

In designing the receiving end amplifier, there are two methods by 
which one may perform the inverse operation. The first method con- 


sists of using a circuit of the type shown in Figure 14. 
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Ein V8e Boy for Circuit shown in Figure 6 with R equal to zero ohms 
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Bout for circuit shown in Figure 6 with R equal to 100 ohms 
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Ein ¥8e Egut for oirouit shown in Figure 6 with R equal to 300 ohms 
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Figure 10 
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Бі, У5. Ес), for circuit shown in Figure 6 with R equal to 500 ohms 
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Figure 13. 
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Figure 14. 


Circuit for obtaining a response corresponding to Equation 4, 
If the resistance R is much less than the resistance of the diodes, 


then by comparison with Equation 1, 








1 
in m 
Low — Eq. (3) 
However, 
E = IR 
out 
Therefore, 
i 
in = 
E ut = R (— ) Eq. (4) 


giving us the desired inverse function. 
The circuit shown in Figure 14, however, has the disadvantage 
of having a rather low input impedance. Furthermore, since itis a 


non-linear device, this impedance varies. During the peak of the audio 
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cycle, this impedance will reduce to the order of a few hundred ohms. 
If one is to prevent this low varying load from causing distortion in the 
source, the source output impedance must be something less than about 
thirty ohms. 

The value of source impedance can easily be obtained from a 
transformer output stage. However, before attempting to feed such 
a circuit from a transformer, due consideration should be given to 
the effects of phase distortion as discussed in Chapter III. 

A bench type set-up of the arrangement was tried and found to 
work fairly well. However, with sinusoidal input to the overall system, 
distortion of the output wave became very noticeable below about 400 
cycles as the result of the phase distortion within the system. 

The second method of performing the inverse operation has a 
high impedance input and is not as susceptable to phase distortion 
effects. It consists of using a circuit of the type shown in Figure 6 
in a high gain inverse feedback loop. A block diagram of the arrange- 


ment is shown in Figure 15. 





Figure 15. 
Block diagram of arrangement for obtaining a response corres- 
ponding to Equation 4 utilizing a high gain inverse feedback loop 
where B contains the circuit of Figure 6, and A indicates the 
gain between points 2 and 3. 
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From Figure 15, 








e, = À e, Eq. (5) 
© 
3 
(а Еа. (6) 
By inspection of Figure 15 and Equations (2) and (5), 
Ae > 111 
Ae, m 
= е - e, = e - al ) 
2 1 4 1 R 
AA, LO cm 2 Жж 
ee 8 e m ` m-1,1,m 
lon. et 1 + Aa(e,) 7? (5) 
A +a ( R? 3 R 
те ПЕ. ۱ 
If Aa (ez) С.) is made much greater than unity, 
— A. = 1 
e سس‎ E ITA Еа. (7) 
1 Aa l. m-1 1 m q 
°з) (5) а(ез) (X) 
е, 1 
4 E" m 
ез = К (= ) 
T 
е, = Бы Еа. (8) 


This is precisely the function we desire to perform. To prove 


this, insert the value of Е ut as determined by Equation (2) in 


Equation (8) 
] 
a (E;n) m 


in 
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Since е; is the output voltage of the system shown in Figure 
15, this system has performed the exact inverse of the unit shown in 


Figure 6, giving us an output voltage identical with the voltage at the 


input of the system. 


In order to determine a suitable value of A to validate Equation 


(7), assume 


۲ -1,1 ص‎ 
Aa(e,) (R) & 100 Eq. (9) 
Equation 9 now becomes 
A(240)(1/R)™ = 100 (e3) °? 


100(e3) 0.5 


_ و 
(1/R)”‏ )240( 


From Figure 6, R = 10,000 ohms. Letting m = 0.5 and using 


Equation (2) and Figure 10 
„гез = 0.24 


а = 240 


Figure 10 indicates that the largest value of е; will be about 


36 volts. 


Substituting in Equation (9) 
A (240)(1/6)(1/100) = 100 
А < $,500 


A test bench type set-up of this arrangement was made and found to 
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work satisfactorily. Most of the results indicated in Chapter IV 
were obtained from this bench type lay out. 

The main difficulty with this second method of performing the 
inverse operation is preventing oscillations. Due to the high gain 
inverse feedback loop, it is difficult to prevent phase shifts from 
Causing the feedback to become positive feedback at some frequency, 
and hence cause these oscillations. To prevent phase shifts from 
accumulating around the feedback loop, one should design the ampli- 
fier so that only one stage of the feedback loop is predominant in 
restricting the pass-band characteristics of the loop. That is, one 
stage should have only the minimum pass-band characteristics, 
whereas all other stages should have much wider pass-band charac- 
teristics. 

A schematic diagram for a complete transmitter amplifier and 


receiver amplifier arrangement is shown in Figure 16. 
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CHAPIMER II 


MATHEMATICAL ANALYSIS OF CIRCUIT OPERATION 


In this chapter, an analysis is made of the operation of the 
transmitting end amplifier. It is the purpose of this chapter to mathe- 
matically determine how distortion of the compressed wave affects the 
resultant wave after expansion in order that the effects of frequency 
distortion and phase distortion within the system can be determined. 
Because of the non-linearities of the system, it is difficult if not 
impossible to determine any functional relationship for distortion in 
the output wave caused by distortion between the unit performing the 
"half-power'' function and the unit performing the inverse operation. 
Consequently, the analysis is made on the basis of a specific amount 
of distortion occuring within the system. 

Although, in general, analysis of any system containing non-line- 
ar elements on the basis of any particular wave such as a cosine wave is 
of problematical value in discussing speech distortion, it is felt that in 
this case some valuable information can be obtained by utilizing a 
cosinusoidal input wave. However, a Fourier analysis for the case of 
a cosinusoidal wave input becomes overly complicated after the first 
few terms. A Fourier analysis through the fifth harmonic for the com- 
pressed cosine wave is shown in Appendix I. 

The cosine wave is converted into a wave of the type shown in 


Figure 17, 
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f(x) 


Figure 17 


Plot of compressed cosine wave. 


The curve of Figure 17 may also be described by the function, 


x сн 


f(x) = cos x 


COS X 





As is shown in Appendix I, a wave form of the type shown in 


Figure 10 has a Fourier Series of the form 


f(x) = А, cosx + А, cos3x + А; со55х+...+ А совпх 


Hence, for simplicity, let us assume that we have a wave form 
of the type 


f(x) = Acosx + Bcos3x Eq. (1) 
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appearing at the output of the compressing amplifier. Depending on 
the magnitude of the third harmonic component, this would have a 


form similar to the solid curve of Figure 16. 


f(x) 


| fr 





Figure 18 


Waveform at output of transmitting end amplifier with 
input wave form of the type described by Equation 1l of 
Chapter III; Solid curve represents a typical waveform 
of the type described by Equation l. Dashed curve is 

a plot of the same waveform after passing through the 
transmitting end amplifier 


When this is passed through the amplifier performing the 
squaring’ function, we obtain a wave form of the type shown by 
the dashed curve of Figure 18. 

One might expect that when a wave form of the type indicated 
by Equation (1) is passed through the amplifier performing the squar- 


ing function, we would obtain a waveform described by 


- 2 2 2 2 
f(x) = A cos x * ZABcosxcos 3x t B cos 3x Eq Jà) 


However, the amplifier performing the squaring function retains 
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the sign of the function being squared, i.e., when f(x) becomes 
2 


also becomes negative. 


negative, م‎ 
(x) 

Nevertheless, Equation (Z) does hold if we assign the power 

limits, and provided B is less thanA. Letting F(x) refer to the 


output of the amplifier performing the squaring function, then 


F(x) = + (A cos x+2ABcosxcos3x+B cos 3x); > <х< > ва. (3) 


2 
Е(х) = -(А ود‎ 21 Тг re Г 2 <х< Е Еа. (4) 


Now, then, by performing a Fourier analysis between these limits, 
it is possible to determine the nature and extent of the harmonics 
that should appear at the output of the system. This periodic 


non-sinusoidal wave may be represented by a Fourier Series as 


follows: 
n=00 
Ао T T 
ж + (A Cos “n = x+B, sin om. M Eg. © 
1121 


where if C is any constant, and P is the period of the wave, 





ВР да” cos EE а Eq. (6) 
n” т x} COS 15 x q. 
С 
Са Р 
2 „ЖЕ пс 
Bu = — f(x) sin P dx 
C 
Taking the region from -5 to 3 , P = Zr, and C s - > 
n=00 
Ao | 
f(x) = > * > (A, cos nx + В, sin nx) Eq. %7) 
nzl 


In the function described by Equations (3) and (4), f(x) = f(-x), 


and therefore their series consists of cosine terms alone. 
Furthermore, f(x) = -f(x* v) and hence its series will contain 


only odd harmonics. 
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Substituting the limits in Equation (6), 


3T 
= 


А = f(x) cos nxd x 


¿E 


By the same method used in developing Equation (4) of 


Appendix I, it can be shown that 


> 
Т 
3 |N 
Na 


а 


Referring to Equation (3), let 


g = Ar ш | Eq. 

h = 2ABcosxcos3x Eq. 

1 = Be Eq 
so that 

F(x) = g +h +i Eq 


Let A, (g) refer to the Fourier coefficients of g. 





т 
2 
A (g) =£ os conde Eq 
-т 
+ 
To. 
a дв 
А (в) m Cos xdx a Eq 
-T 
ҮЛ 
т 
2 2 
_ 2A ۱ | 
EE [1/3sin3x+ 3sinx] 8 
A 
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f(x) cosnxdx Eq. 


(8) 


(9) 
(10) 


. (11) 


. (12) 


(153 


. (14) 








2 
ва: (15) 











4А 
AA RE 
y 
2 2 
A 4(g) „ Ж РЕС. 6... ax 
ü -T 
s 
E 
2 2 
A (g) = =. "TE - эбе” dae dx Ma: (16) 
Е 
2, 
By trigonometric substitution and Equations (14) and (15), 
т 
2 2 2 
4 
Az (8) Ё < 4 4(1 - Жэт? sin x) cosxdx - 52 
ч к. T 
22s 
Ё 2 
2 
e [ (4sinx - заа 8 ۳ Si х = = 
-T 
2 
4A* 
Т 
2. 2 
А (g) = =: 2 fos E. cos 5 x dx 
-T 
248 
2 
2 
A. (g) py (16 cos x - 20 cos P. + 5 ات‎ x] dx “Жа. (18) 
_ Tr 
ЛЖ 
By Equations (14), (15), (16) and (17), 
т 
2 
2-2 Ах = 16 Eq. (19) 
2 15 
к 
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By trigonometric substitution and Equations (14), (15) and (19), 





T 
2 "n 2 
A. (g) = p 16(1-3sin x + 3 алайы db cos xdx 
- TT 
ES 64 0 
à 222 2 
+2 гү A tr А?) 
2 T 
2A ‚= ES — 5. l6«. 2 
A. (g) зө [16 sin x - 16 sin x+ $ Sin x-> sin x] Е 
= 
BS „2 
- — А 
Зп 
2 
£^ Eq. (20) 


598) E 7 DS 
Since this Fourier Series is obviously converging very 
rapidly, no terms beyond the A,(g) term will be computed. 


Let A (h) refer to the Fourier components of h. 


Then, by Equations (8) and (10), 


т 


А (b) = Б be 4 AB cos x cos 3x cos nxdx Eq. (21) 
T 
~T 


-- 


T 


2 ік 2AB Pos th 3 x duc Eq. (22) 


2. 


Ж 
қ 3 
p (4 Sod 5 - 3 cos x) dx 


ET 


2 


By Equations (14) and (17), 
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_4AB 4х16 3x4 
A (h) те (— 3 ) 
any Ea 8 2 
1 IST Ч. 


By Equation (21) 





т 
A. (h) = 4 2 2 AB cos x cosi dx 
T Jar 
D 
18 
2, 
4AB 1 1 
چ‎ cos x ( > + 7 cos 6 x) dx 
= 
2 
т 
А hy TRAS E bod ж La com %- & жез. 
от Y 2 2 Eq. (24) 
3 


M T TIE GE - x) ] dx 


By Equations (18), (14), (15), (19) and (20): 


T 
T ‚жи -4 20x16 4 
Cos ЇР ас (105 + сиз жш 
2 
2 
T 
т 32 
cos x dx = 35 Eke 5) 
-т 
p 


By Equations(14), (15), (19), (23) and (24): 





_ 4AB, 16x32 24x16 , 9x4 
жаш is | 


2 | 
Az(h) = 2 x ка. (26) 
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By Equation (13), 





т 
2 
adh $ 2 AB cos x cos 3x cos 5 x dx 
-т 
TA 
ш. 
ив | * 9 
А (8) Е “ЧЕ (64 cos “x - 128 cos x Bq. (27) 
-T 
2 5 3 
+ 80 cos x - 15 cos x) dx 
T 
т 
cow’ xdx = E (1-4 а + 6 ын. -4 sis e Біл зы) себ хах 
-T -T 
ЛЕ wor 
£ 
Е 
A . 25879 балт 4 . 1 .9 
= [sin x - 3 sin xt E sin X - » Sin х0 x) 
4 -т 
т 256 ч 
COS x dx = AT Eq. (28) 
= 
2 
By Equations (14), (15), (19), (25),(27) and (28): 
» 2AB 64x256 128x32 80x16 15x4 
و‎ 2 wp ze эт" 
2AB 20 Eq. 09) 


A, (h) = 2 = ( 63) 


By Equations (8) and (11) 
т 


. 2 2 
А, (8) + 2 B cos 3x cos nx dx 


= 


(35) 





á 
ә 
B LI 
B ۱ 
۱ 
y 
e 
, 
к. жоғы 
9 
= » б 
Е 
2 








2/ с 


A) (i) = B т (x + cos 6x) cos x dx 
sum. 
2 
1 T 
2 2 1 2 1 
= В”/т [ cos x dx * = cos 5x dx * = 
-т э јд 1 
à 2, 
1 
2 
co8 7 xe] = 2:5 M + 1710 - ۱/۵ 
E 
à 


ЯС» 


Similarly 


A, (i) = 2 ios A hun 


= - д P (4/9) 


Asli) = 2B°/n (1/5 + аа 


Ag(i) » 2 B^ [m (36/55) Eq. (29) 


Although this series does not seem to be converging, comput- 
ations indicate that AG) equals approximately 2۳۳ (5/14) and 
Agli) equals 2B /m(- 4/45) and thereafter the series converges 


very rapidly. The A.(i) and Agli) terms will not be used, however, 


4 
as the 7th and 9th order terms for g and h were determined. 
Furthermore, inthe usual case, B will be of small magnitude 


which when squared and multiplied by the coefficients 2/m(5/14) 


and 2/m (4/45) respectively, makes these terms insignificantly 
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small. For the case of a sinusoidal input, Appendix I shows B 
equals to (-0. 160). 
By Equations (3), (5) and (13), 


F(x) = ГА (е) cos nx + А (h) cos nx + A (i) cos nx] 


۳ 


sine os X و‎ со 3x ۲ ға” 5х 8AB cos x 


TP 133 1057 ius 


2AB(36)cos 3x й 2AB(20)cos 5x _ ge mA... 
25 gr 63 T 35 T 


BAN cos رت رود‎ ۱ 
ú От 55 п 


Eq. (30) 


Elx) = 2(4A^/3 ۲ + 8۸۳/157 + 365° / 391) cos x 


2 
+ MUA 715w t 2AB(36)/35v - 4B عم‎ 


+ 2(-4А^ /105т + 2АВ(20)/63т - 36B/35m) cos 5x 
Eg. (31) 
This completes the Fourier Series up айы terms of the fifth 
order for the waveform indicated by the dashed line in Figure 18. 
If we substitute the values for A and B as determined in 
Appendix I for the compressed cosine wave, then A = A, ӘЛЕ 2 


ана В = В, = 0.160. Let F (x) refer to the case of a cosinusoidal 


wave at the input of this system, and equation (31) becomes 
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2 2 
4 (1. 8 (1. 12)(0. 160 6(0. 160 
Fx =2 (2520. 1-00 100 ь 2424 ] cos x 


әл 


]cos 3x 


2 | 4 (1. 12)* ‚2 (1.120. 16086 4(0. 160)" 
тз ч; ә VM. 


[ —2 (1.12)(0.160)(20) _ 4 (1. my , 36 (0. 160)“ 
63 ч 


Y T T 


2 ] cos 5x 


Eq. (32) 
We have here now a Fourier Series up through terms of the 


fifth order for the wave at the output of the receiving end amplifier 
with a sine wave input to the transmitting end amplifier. If Equation 
(32) менше all significant harmonic " it should therefore be a 
sinusoidal wave, or it should simply equal cos x. In order for this 
to be true, the coefficient of cos x in Equation 32 must converge 

to unity and the coefficients of all other terms must converge to 
zero. Itis interesting to note how nearly true this is in Equation 
(32),. It should be noted that since Equation (3) and (4) did not 

include any harmonics above the third harmonic, Equation (32) is 
representative of the case where an idealized filter having no phase 
shift and a cut-off frequency just above the third harmonic is insert- 
ed between the sending end amplifier and the receiving end amplifier. 


Computing the coefficients of Equation (32) we obtain: 
Е (х) = 1.021 cos x - 0.028 cos 3x - 0.0922 cos 5 x. Eq. (33) 


This shows a surprisingly close reproduction of the cos x 
wave, Note, that whereas the third harmonic distortion is only 
about 2.8% the fifth harmonic distortion is about 9%. Experimental 
evidence seems to indicate that this relatively large fifth harmonic 
is indicative of how the system generally operates and hence an 


explanation of it is in order. 
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If the system operates perfectly so that it does not introduce 
any distortion of the input wave other than that caused by the functions 
it is intended to perform, then all distortion introduced by the send- 
ing end amplifier is removed by the receiving end amplifier. From 
Appendix I, it is apparent that if we have a sinusoidal input wave to 
this '"perfect' system, there will exist at the input to the receiving 
end amplifier, a waveform that may be described by 


f(x) = A,cos x + A, cos Зх + А, соз 9x t...t A cos nx t... 


] 3 5 
where the limits of Equations 3 and 4 apply. 


At the output of such a system, there will be a waveform of 


the type 
со b J, 3⁄5; . 
— жа 1, 3,5, 
J -т T 
F(x) = + A Am cos nx cos mx, ۳ > > 
n=] m= 


n= 1, So MI, ADA 
со. © 
F (x) =- ' A A. cos nx cos mx, Tey Bt 
с nm 2 2 
nz m= 
Z | 


Each term of the equations for F(x) can be described by a Fourier 


Series. Letting F. (x) refer to a particular term of the equations 
nm 


for F (x), we may say 
с 


F х) = АА А 
— ) näm (а cosx + a, cos 3x + ас cos 5x+. чү 


cos px + .... ) 
Referring to any specific harmonic as the kth harmonic, we 
see that for every pair of values of m and n there is a finite 


mathematical contribution to the kth harmonic having a magnitude 
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А Ата. However, since in the "perfect" system, the kth 


harmonic will not exist in the output, the sum of all such terms 


must be equal to zero, that is 


00 00 
= A A ау = 0. 
nel mel 


If we refer to the highest harmonic that the system is capable 

of passing as the Lth harmonic, then neither m nor n can 
exceed L. By comparison with the Fourier coefficients that 

have been computed, it Me me that most of the significant 
coefficients contributing to the kth harmonic arise from those 
terms for which either n or m or both are less than or equal 
tok. Therefore, if L i: greater than k, then most of the 

kth order terms having significant coefficients will appear ''math- 
ematically'' in the output, and we can expect that their sum will be 
near zero. That is, there will be almost perfect cancellation of 
the kth order harmonic. If, however, L is somewhat less than 

k a smaller portion of the kth order terms having significant 
coefficients will appear in the output, and the cancellation will 
not be as perfect, and the magnitude of the kth order harmonic 
may exceed the magnitudes of preceding lower order harmonics. 
For harmonics of higher order then k, however, the magnitude 
of the harmonics appearing in the output decreases very rapidly 
despite the imperfect cancellation because the coefficients 32 
become very small. 


Consequently, with a sinusoidal input wave, an idealized low 
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pass filter having no phase shift and a cut-off frequency just below 
the kth order harmonic can be expected to cause the harmonic 
content of the output wave to be mainly above the kth order harmonic. 
Therefore, a similar filter in the output of the system will elimin- 
ate most of the distortion caused by the first filter. 

If this were a linear system, we could then apply the laws 
of superposition and expect a similar result from a complex wave 
such as a speech wave. We could then assume that if we restrict- 
ed the transmitted wave bandwidth by inserting such an ideal low 
pass filter having a cut-off frequency of three kilocycles, the main 
harmonics appearing in the output wave would be above three kilo- 
cycles. We could then eliminate these unwanted harmonics by 
simply passing the output wave through another low pass filter 
having a three kilocycle cut-off frequency. 

Since the transmitting end amplifier and the receiving end 
amplifier are both non-linear in nature, a complex wave entering 
either amplifier will result in cross modulation components, 
consisting of sum and difference frequencies. If there is. no other 
distortion within the system, however, these cross modulation 
components must all be in such phase and amplitude at the output 
as to be cancelled. If a filter is inserted after the transmitting 
end amplifier, some of the cross modulation frequencies will not 
pass through the system, and consequently there will be imperfect 
cancellation of these frequencies in the output of the system. In 


general there will be cross modulation components generated by 
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the transmitting end amplifier that will lie within the pass band 

of any band width limiting filter. It can be expected that these 
components will give rise to imperfectly cancelled components 

of the same frequency inthe output. Therefore, these frequencies 
will not be eliminated by a similar filter in the output circuit and 
distortion will result. Nevertheless, experimental results report- 
ed in Chapter IV seem to indicate that the system operates very 
Similar to a linear system in this respect and consequently a 
similar filter in the output circuit does improvethe quality of 
reproduction with limited bandwidth. Thatis, the system seems 
to operate very nearly as if the laws of superposition did apply. 
Since it is impossible at this state of the art to build a filter that 
does not have a phase shift, a rigorous experimental verificat- 
ion of this is hard to obtain. 

So far, we have considered using only an ideal filter. Now 
let us assume that we have a filter, or imperfect audio system, 
that introduces no phase distortion but does reduce the amplitude 
of the third harmonic in equation 1 by 10%, and reduces all higher 
order harmonics to zero. Hence, 

f(x) = A cos x +0.9 B cos 3x Eq. (34) 


The equations corresponding to Equations 3 and 4 become 


2 
2 2 2 2 
f(x) -(А сов х41.8 АВ сов х сов 3х 40.81 В сов 3x) 
- 3 > >7 Eq. (35) 
2 а 
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2 


f(x) = - (A* ort x+1.8 AB cos x cos 3x +0, 81 в“ Bases 


л 
Я <х<5 T Eq. (36) 


To obtain equations equivalent to Equations (9), (10) and (11), let 


g' = А“ caer x Eq. (37) 
h' = 1.8 AB cos x cos 3x Eq. (38) 
' 2 2 

i" 2 0.81 وف ظ‎ 3x Eq. (39) 


Letting А, (g'), А, (Һ!) ала А (1') refer to the respective Fourier 


coefficients of g', h' and i', it is apparent that 


A (g') = A (Е) Eq. (40) 

A (h') = 0.9 A (h) Eq. (41) 
n 

А (1') = 0.81 А (1) Eq. (42) 


Let Е (х) refer to the case of a cosinusoidal wave at the 
input of this system when this non-ideal filter is inserted in the 
system between the transmitting end amplifier and receiving end 
amplifier. Then by Equations 31, 40, 41 and 42, an equation 


equivalent to Equation (32) is 


2 2 
que ula 8 (0. 9)(1. 12)(0. 160 0. 81)(36)(0. 160 


2 2 
+2[ 40. 12) _ 2(0. 9)(1. 12)(0. 160)(36) __4(0. 8100. 160) ¿23 


т т 


2 2 
2(0.9)(1. 12)(0. 160)(20) _ 4(1. 12)“, (0. 81)(36)(0. 160) 


Eq. (43) 
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The equation corresponding to Equation (33) is 


Е (х!) z 1.025 cos x - 0.0031 cos 3x - 0.0868 cos 5x Eq. (44) 


We see that the third harmonic now has an amplitude equal 
to 0.3% of the fundamental component compared to 2.8% of the 
fundamental component in Equation (33). The fifth harmonic now 
has an amplitude equal to 8.32% of the fundamental component 
compared to 9.0% of the fundamental component in Equation (33). 
Hence, we see that there has been a slight reduction in the harmonic 
components. If as Chapter IV seems to indicate, these results are 
also applicable to the case of speech input, we can conclude that a 
small amount of amplitude distortion between the compressing ampli- 
fier and the expanding amplifier does not appreciably alter the quality 
of the output of the system. 

Now let us consider the case where we have a filter or imper- 
fect audio system that introduces phase distortion along with a small 
amount of amplitude distortion. This, of course, is the usual case 
that would be encountered in practice. The amount of phase distort- 
ion that would accompany the 10% reduction in the third harmonic 
component as given in Equation (44) might well be in the order of 


30°. Hence, in this case, 


f(x) = A cos x + 0.9 B cos(3x + 30°) 
= Acos x + 0.9 B(cos 3x cos 30° - sin 3x sin 30°) 


= А cos x+ 0.787 B сов Зх - 0. 45 В зіп Зх 


f(x) = A cos x + B (0. 787 cos 3x - 0.45 sin 3x) Eq. (45) 
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The equations corresponding to Equations (11) and (12) now become 


2 
f(x) = (A cos E^ * 2 AB cos x(0. 787 cos 3x - 0.45 sin 3x) 
+ BY (0,887 cós!3x - 0.45 siti 3x) Eq. (46) 
_ 2 
f(x) = - (A cos = - 2 AB cos x (0. 787 cos 3x - 0.45 sin 3x) 
Eq. (47) 


- в“ (0.787 cos 3x - 0.45 sin зу 


To obtain equations equivalent to Equations (9), (10), апа (11), let 
А“ сой” х Eq. (48) 


g" 
Eq. (49) 


2 AB cos x (0.787 cos 3x - 0.45 sin 3x) 


h" 
2 : 2 
B (0. 787 cos 3x - 0.45 sin 3x) 


1! 
Letting A 8"); А (һ") апа AG") refer to the respective Fourier 


coefficients of g", h'', and i", it is apparent that 
Eq. (51) 


Ale") = A (g) 


From Equations (10), (13) and (50), 


Nja 


1 0.9 AB cos x cos nx cos 3x dx 
T 


8 


FAJ 


TV 


Ath") = 0. 787 A. (h) - 
nzl 


Let 
T 
59 2 


0.9 AB cos x cos nx sin 3x dx 


سم | 3¡ 


a. (h") = 
n=] -n 


سوت 
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a. (h"') = E 0.9 AB cen a sin 3x dx 
т 


Nja 


(3 a sinx - 4 souls vini dx 


PAR. (3 cos^x sinx- 4 cos^x sin x 


| 
4 
KE 
Їа Na 


+4 cosas sin x) dx 


Since all terms in the integral for a (h) will reduce to the form, 


т 
2 n 
cos xsinxdx, a (h) = 0 
n 

Eh 

2 
Hence 

A (h'') = 0.787 A (h) Eq. (52) 


From Equation (50) , 


1!! 


B^(0. 611 Сеи зе 0.707 cos 3xsin3x + 0.202 sin чр 


2 
ы ЗЕ ipp cot Bx N OP cod 3k dia 3, 


i" » B^(0.202 * 0.409 cos^3x - 9-572. sin 6x Eq. (53) 
Let 

a(i") v 0.202 B* Eq. (54) 

b(i") -.B^0.409 cos^ 3x Eq. (55) 

clit) в“ 0.349 sin 6x Eq. (56) 
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Remembering that Equations (54), (55) and (56) are restr- 
icted by the conditions of Equations (46) and (47), let а (i") ; 
b (i'') and c(i") refer to the respective Fourier coefficients of 


a(i''), b(i'') and c(i'') respectively. Then, 
AG") = а (1) + ba") + с (17) Eq. (57) 


Due to the conditions imposed upon Equation (54), a(i'') is 
actually a square wave having a period of 2 and an amplitude of 
0. 200 5. .From the Fourier analysis of a square wave, 


Hany do. 257 coa x:- 8.857 cad a V. AS c 5d" 
Comparing Equations (55) and (11), 

b Gi") = 0.409 A (1) 

Since all terms in the integral for c G") will reduce to the form 


E 
2 n 
COS x sin x dx, cQ") = 0 


-T 


Employing Equation (54), 


i" = (0,257 cos x - 0.0857 cos 3x + 0.515 cos 5x + 
(2) (35) 


(9.409)(4) cos x + (0. 492291 cos 5x) p° 
(2)(9) (2)(55) 
Let F(x") refer to the case of a cosinusoidal wave at the input 
of this system when we have a filter or imperfect audio system that 
introduces a 10% reduction in the third harmonic component and a 


shift of 30° in phase of the third harmonic. The equation correspond- 


ing to Equation (31) becomes 
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, (0. 787K8AB) , 0.257 B? , (0. 409)(36)5^ 
VF ий, "2578, за 


F e 2 2 [5 ]cos x 
E 0. 787)(2АВ)(36) 0.0857 B^ СЕЛЕН š 
1 5r 35m , 2 ` aes xx 


M" ۱ pe „sa, (0. зэрхэлт, (0. 409)(36)B NP 


Substituting for A and B from Appendix I, 


E 2 
F(x") = 213113) . (9. 787)(8)(1. 12)(0. 160) , (0. 257)(0. 160) 


, (0. 409)(36)(0. 160)“ > 
35 


2 4(1. 12)" , (0. 187)(2)(1. 12)(0. 160)(36) - (0. 087)(0. 160)“ 
15 35 2 


2 
(o. мыт аі oA 


2 | 41.127, (0. 787)(2)(1. 12)(0. 160)(20) , (0. 0515)(0. 160)2 
2 


(0. зар. 160^ 1 


+ 
The equation corresponding to Equation (33) is 
F(x") = 1.027 cos x + 0.025 cos 3x + 0.0906 cos 5x 


The third harmonic now has an amplitude equal to 2.5% of the 
fundamental compared to 2.8% of the fundamental component in 
Equation (33). The fifth harmonic now has an amplitude equal to 8.8% 
of the fundamental component compared to 9.0% of the fundamental 
component in Equation (33). So far, the case of a small amount of 
both amplitude and phase distortion has not seriously altered the 
output wave. Again, because of the non-linearities within the system, 


one cannot conclude that these results are necessarily applicable to 
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the case of speech input. However, the experimental results report- 
ed in Chapter IV indicates that the operation of the system with 
speech input is very similar to the case of a sinusoidal wave input. 
The small amount of phase and amplitude distortion inherent in the 
systems reported in Chapter IV did not appreciably affect the quality 
of the output wave. 

No attempt has been made to evaluate the system when there 
is phase distortion introduced due to differences in path length 
resulting from multiple ionospheric reflections or interference 
between ground waves and sky waves. This distortion can be 
severe. Ina practical system it would seem well to consider this 
and provide a convenient means for eliminating the amplifier per- 


forming the inverse function from the system Ё : 
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CHAPTER IV 
EXPERIMENTAL RESULTS 


In carrying out the experimental work, speech, including certain 
words particularly selected for the phonemes they contain, was passed 
through a three kilocycle low pass filter and then recorded on a magnetic 
tape. This tape was then used as the source of input to the system for 
all of the tests that followed. This tape also provided a standard of 
comparison, 

The first aim of the experimental work was to demonstrate that 
such a system could be built . However, this phase already has been 
reported in Chapter II. 

The second aim of the experimental work was to determine the 
desirability of using a complete system when working with restricted 
bandwidth rather than one employing only a ''power law'' compressing 
amplifier. There is a need to determine this since an amplifier that 
compresses the speech wave in the manner of the transmitting end 
amplifier will result in understandable speech without expanding the 
wave in the receiving end amplifier. Thus there would be no need 
for the transmitting end amplifier if it did not provide additional advant- 
ages. 

Tape recordings were made from the output of the entire system 
and also from the output of the transmitting end amplifier eliminat- 
ing the receiving end amplifier. The difference in quality of the two 
outputs indicates a definite improvement when the transmitting end 


amplifier is employed. 
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The same process was repeated using a three kilocycle low 
pass filter at the output of the transmitting end amplifier. This, of 
course, corresponds to the case where the transmitting bandwidth 
is to be limited. Use of this filter prevents perfect reproduction 
primarily due to the phase distortion effects it introduces. Never- 
theless, the transmitting end amplifier still gave a very noticeable 
improvement in the quality of the output. No articulation tests were 
run to determine the improvement in articulation, but undoubtedly 
some improvement does result. 

In taking the above recordings, it became apparent that the 
receiving end amplifier can at times give a rather remarkable improve- 
ment in signal to noise ratio. The tape recording of the compressed 
speech wave from the transmitting end amplifier had an annoying 
amount of noise present on it because of background noises in the 
shop at the time of recording. Ina practical system, the noise 
present in the compressed speech wave would not arise at the point 
of transmission but would be in the form of atmospheric noise or 
interfering signals. When the compressed speech wave was again 
expanded, the noise dropped to a level where it was barely audible. 
Obviously, the effect of the receiving end amplifier would be the same 
regardless of the origin of the noise. 

Since the output voltage of the receiving end amplifier is pro- 
portional to the square of the input signal, it is apparent that there 
will be an improvement in signal to noise ratio whenever the signal 
to noise ratio is greater than one. For instance, if the signal to 


noise ratio is two to one at the input of the receiving end amplifier, 
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the signal to noise ratio at the output would be four to one. 

In order that there would be some graphical proof of the oper- 
ation of the system, spectrograms were made by use of a Kay Electric 
dut "Eran". Photographs of these spectrograms are shown in Figures 
19 through 31. In these spectrograms, the speech wave is presented 
as a three dimensional plot. Frequency is plotted vertically. Time 
is plotted horizontally, and intensity appears as darkness of the 
spectrogram. 

Figures 19 and 23 show how the words ''be'' and ''pay' appear 
on this three dimensional plot. These same words were then played 
into the system from the magnetic tape and spectrograms made at 
the output. Figures 22 and 26 show how these words looked with no 
filtering within the system, that is, with no distortion intentionally 
introduced. Figure 22 should therefore appear the same as Figure 
19 and Figure 26 should appear the same as Figure 23. The extent 
to which this is true is a measure of the excellence of the reproduct- 
ion. From the figures, it is apparent that the system was reprod- 
ucing almost perfectly. 

Figures 21 and 24 show how these words appeared when a three 
kilocycle low pass filter was inserted at the output of the transmitting 
end amplifier with a second three kilocycle low pass filter inserted 
in the output circuit of the system. Although this introduced distort- 
ion that is visible in the spectrograms, it was very difficult to detect 
by ear. 


Figures 20 and 24 show how these words appeared at the output 
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of the transmitting end amplifier. The distortion in these spectrograms 
is very apparent. Comparison with Figures 20 and 24 shows the mark- 
ed improvement in quality that is obtained by using the receiving end 
amplifier even when employing a restricted bandwidth. 

It should be noted that the spectrograms appearing as Figures 
21 and 25 were taken with a three kilocycle low pass filter in the 
output circuit. This filter in general improved the quality of the 
speech at the output. This effect could have been predicted from 
the laws of superposition had this been a linear system, as was 
pointed out in Chapter III. Experimental evidence therefore seems 
to indicate that results predicted by the laws of superposition may 
often be approximately correct. 

It had been thought possible that since the receiving end ampli- 
fier will regenerate some of the harmonics filtered out by a filter at 
the output of the transmitting end amplifier that in cases of highly 
restricted bandwidth there might result some improvement in articul- 
ation over a linear system. Experimental results indicated the opposite 
to be true. 

An attempt was made to determine the bandwidth requirements 
of the system versus m for the case of perfect reproduction, that 
is, complete elimination of filters from within the system. Spectro- 
grams were made from the output of the transmitting end amplifier 
with various speech sounds at the input and varying values of m. 
Typical results were obtained with the word, "she", These results 
are shown in Figures 27 through 31. There was no obvious change 
in bandwidth requirements over the range in which m could be 


varied. 
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In conclusion, it is apparent that this system offers advantages 
over conventional speech compression or "super modulation" systems 
by providing a better quality of speech transmission, and in addition 
it can normally be expected to provide an increase in signal to noise 
ratio. Unfortunately, no tests have been carried out over long range 
radio telephone circuits where there is severe phase and amplitude 
distortion resulting from differences in path lengths between ground 
and sky waves. It may be that under such circumstances the quality 
of reproduction would actually be reduced by the transmitting end 
amplifier. Nevertheless, if the transmitting end amplifier is by- 
passed at such times, the system will still retain the advantages of 
conventional speech compression or 'super modulation' systems. 
Thus we can expect this system to normally provide advantages over 
other systems, and under abnormal condition, its performance will 


at worst be comparable to other systems. 
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APPENDIX I 


HARMONIC ANALYSIS FOR THE HALF-POWER LAW 
COMPRESSION OF A COSINUSOIDAL WAVE 


This harmonic analysis will provide a description of the wave 


at the output of the transmitting end amplifier when a sine wave is 


applied to the input of the system. 


This wave may also be described by 


т т 

h - s < < 2 
f(x) cos x 5<х< > 
T JT 

f(x) = cos x I = 


A plot of this function is given in Figure 17 of the main text. 


A regular periodic function of period T may be represented 


by a Fourier series as follows: 


n= oo 


20 т T 
f(x) = + (A_cos2n — x + B_ Sin 2n— x) 
2 n "ü n Y 


nel 


where, when C is any constant 








C+T 
A = 4 f(x) cos AE dx 
n T : 
C 
C+T 
- % .. дитх 
Ba * f(x) sin T dx 


C 


A plot of this function is given in Figure 14 of the main text. 
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Taking the region from = to 2 , Cz Ë » and T=2 
Hence со 
Ао 
f(x} = 7 (A, cos nx + В, sin nx) Eq. (1) 
n=] 
Where 
JT 
А = = 2 f(x) cos nxdx | 
”ЭЭ 
28, 
2, 
Eq. (2) 
4” 
1 2, 
B S- f(x) sin nx dx 
n T 
EN 
2 


In the wave form shown in Figure 17 of the main text, 
f(x) - f{x+m), and therefore it will contain no even harmonics. 
Furthermore, f(x) = f(-x) and hence the Fourier Series consists of 


cosine terms alone. 


Since we are concerned only with cosine terms and odd harmonics, 


the region from 3 to T is merely the negative of the region from 


- Y 
— to 
2 


3 | د 


Therefore, we may rewrite Equation (2): 


ӛт 


1 1 2 
А = 4 f(x) cos nxdx + — f(x-*T) cos nxdx 


гоі 


Eq. (3) 


ма 


Let 
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Then 
dv = dx 
соз п (у - т) cos (пу - пт) 
Since we are concerned only with terms for which n is odd, 


cos n(v - T) = - cos nv, 


Substituting into Equation (3), 


т 


Nja 


> 
سا - 


f(x) cos nxdx + B -f{v) cos nvdv 


ms 
Nja 


or 


міз 


> 
ain 


f(x) cos nxdx Eq. (4) 
E 

Since it is of interest to know the average value of the function 
and since it is helpful in the mathematics that follows, the average 


value of the function, referred to as C, will first be determined. 


= 
2 1/2 
С = E cos xdx 
T 
т 
2 
Since f(x) = f(-x), 
T 
2 1 
C + has 72 абы Eq. (5) 
0 
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s 
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By Equations 8 and 9: 


C = 





] 
MT ° 0.905 


From Equation (4), 


7 lb 
cos х сов xdx 
a 
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Eq. (6) 


Eq. (7) 


Eq. (8) 


Eq. (9) 


Eq. (10) 


Eq. (11) 





Reference to Dwight 854. pe gives 





2 раё 2 
pak E = m 1 m. > - 1 
O 
Thus 
№ _ Y 3 
с-2 |у, u ا‎ Га 
x ap (P+ к pe 
2 4, 
Since 


(x 1) = ес |" (о) 


Ге +10 +2 Г) 
(2-3 ГО. 75) 

Ге) = 1. 22 

Ге) = 0.905 


By Equations 8 and 9: 


G £ 





1 
MT ° 0.905 


From Equation (4), 


T 


1 
a cos — 
T 
-T 


2 


2 3 
M cos prm 
1T 
-T 
"2 


5% 


Еа. (6) 


Eq. (7) 


Eq. (8) 


Eq. (9) 


Eq. (10) 


Eq. (11) 
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Let 
1/2 


dv = cos x u = cos хах 


v= sinx du = > COS X ү ѕіп хах 


т 
7 2 -% 
А, = x 6 x sin x + x cos x bin” xdx 
T 2T 
- T -т 
> 
E 
2 -l 
= 0+- cos 2 201 - cos x) dx 
AT 
2 
т т 
њ E la لا‎ Ж. 3⁄2 
= — cos хах - - cos xdx 
T T 
41 CE 
2 
From Equation (11), and since f(x) = f(-x), 
2 1 
: A, = d ۰ I 2 xdx 
2 ] = = COS 
0 
Employing Equation (6): 
L 
[ «2 
Eq. (12) 


ГЧ 


By Equation (7) 
Paene [t 


ГӘ“ ПЕЙ 
3.02 
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From Equations (8), (9) and (12), 





5 № 3.62 
x 2 т Y. Ze 
A, = 9. 116 
Ж, 
2 1 
А. = а cos /2 x cos 3xdx 
3 m 
Ж 
2 
A 
- 7 3 
13 4 cos "M лс N, 
4 
жы, 
2 
From Equations (11) and (13): 
т 
2 3/5 
cos x dx - (т) (0. 559) 
Bz 
2 
mi 
8 : 1/2 
А, = = cos x - (6) (0. 559) 
T 
E 
2 
Let 
5 
u = cos le x dv = cos xdx 
v=sinx 


du = - 2 тты. x sin xdx 


Na 


27 


[ cos “ x sin x ] 


= | ° 


A, = ^ 
= 


61 


N| U 


T 
8 2 
Tx J. 
23 
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Еа. (13) 


Eq. (14) 


Eq. (15) 


3 
cos Ë «Ж хах -(3)(0. 559) 








Na 


T 
2 7 


/ 
cos с 


3 
37 zz COS [2 xdx - 2 
T T 
-T 


2 


xdx - (3)(0. 559) 


- 7 


Substituting from Equations (14) and (15) 


х = 2 [ Az + (3) (0. 559) ]‏ ا 


A, = 20 (я) (0.559) - 22 (Ty [ a, s(0. 559)] - (6y (0. 559) 
т T 4 3 
4 15 
= 2 (0.55 08222) - 8 
E (0.559) [ 1 x ] 
z 0.160 


From Equation (4) 


x 
2 1 
хө $ cos Е уер 
т 
-п 
>- 
T 
2 14 7 3/ 
A, зай (16 cos ё x - 20 cos 2 x+ 5 cos P a dx Еа. (17) 
T 
-T 
т S 
2 7 3 
ul 16 54 12% -= (20 cos 24 ون‎ /2 х) dx 
-T 
> = 
2 2 
bet v = Худ х du = cos x dx 
Then 
7 
dv = - 2cos 2 x sinx dx š u = sin x 
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Na 
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A; = [ 16 cos ۱8 Qw 2] 
ч - т 
= 
> 7 3 7/ 3/ 
+ £ [ 16 2 ۳۳ l2 x big’ хах - 2 (20 cos SET ^x)dx] 
T E 2 -т 
d = 
T 
2 7 11 
= 2| 16(0) 416 2 (cos 2 x - COS l2 x) dx 
T :28 72 
1.2 
E 
2 7 3 
= (20 cos ay. 5 cos 2 к) ах 
СЕ 
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1 1 
cos /2 x dx - "i cos Y2 xdx 
-т 
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т 
2 7 3 
- (20 сов /2 х - 5 сов l2 x) dx 
LIE 
2 





T T 
2 11 2 7 3 
cos (2 хіх=5 e [A Ү2 (20 сов Mm 5 cos 2, dx ] 
- TT 16 5 T 
= um 
2 2 
T 
2 7/ ~ 7 
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From Equation (14) 


T T 
2 7 k 1 5 3 
cos іг хах =7. — А “© Р cos Ë хах Eq. (19) 
a UA 
E - T 
2 1.2 


From Equations (15) and (16) 


- 
8 Th 


cos xdx = 5 [ = (-0, 160) + 5 (0. 559) ] 


н | - 


= 
2 


Nja 


7 
cos 2 xdx = š (0. 7985) Eq. (19) 


= 


From equations (15), (18) and (19), 


A; =Tr(Š) [ - 38(Z) (0. 7985) + 55(5 10. 559) ] 


A, = 0.0731 


This completes the Fourier series up through terms of the fifth 


order for the waveform in Figure 14 of Chapter III. Hence 


f(x) = 1.120 cos x - 0.160 cos 3x + 0.731 cos 5x 
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Figure 19 


Spectrogram of the word ''be'' at the input to the system 
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Figure 20 


Spectrogram of the word ''be" at output of 3,000 cycle 
low pass filter following transmitting end amplifier 
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Figure 21 


Spectrogram of the word ''be'' at output of system with 
a 3.000 cycle low pass filter at output of transmitting end 
amplifier and also in the output circuit of the system. 


67 





3000 
7500 
7000 
3 9900 
» 6000 
5500 


son 


rer Se 


“5000 


> ج‎ 
о с 
= = 
G "O 


rg 


© 
© 


e 
сл 
© 
O 


Frequency in cycles 
t з 

e о с 

с G 

O © 


1500 
1000 
900 
175 









Ox 0.6 
Time in seconds 


Figure 22 


Spectrogram of the word ''be'' at output of the system 
with no filters in the system. 
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Figure 23 


Spectrogram of the word "pay" at the input to the system. 
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Figure 24. 


Spectrogram of the word ''pay" at output of 3, 000 cycle 
low pass filter following transmitting end amplifier. 
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Figure 25 


Spectrogram of the word ''pay'"' at output of system with 
a 3,000 cycle low pass filter at output of transmitting 
end amplifier and also in the output circuit of the system. 
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Figure 26 


Spectrogram of the word ''pay'' at output of the Е 
with no filters in the system. 


72 
















ЛИ! 
| 1 Fir | | 10 
i 11111111! 4; | 1 


e 
2 


! uh 


i. ES 
5 "W ابا‎ 
dixi pM 


Бага MI AA MR re ZA A Pide ain, dari, fta Serien km B ай 


фаз м а‏ نة ا له اساد دغ 


Figure 27 


Spectrogram of the word ''she' at output of the transmitting 
z 0 


end amplifier with m 
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Figure 28 


Spectrogram of the word ''she" at output of the transmitting 
end amplifier with m = 0.425 
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Figure 29 


Spectrogram of the word ''she'' at output of the transmitting 
end amplifier with m = 0,475 
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Figure 30 


Spectrogram of the word ''she'' at output of the transmitting 
= 0.525 


end amplifier with m = 
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Figure 31. 


Spectrogram of the word ''she'' at output of the 
transmitting end amplifier with m = 0.546. 
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